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A b s t r a c t .  The set of Weierstrass points for pluricanonical linear systems on an algebraic 
curve C have been extensively studied from a geometric viewpoint. If the curve is defined 
over a number field k, then these n th order Weierstrass points are defined over an algebraic 
extension kn of k, and it is an interesting question to ask for the arithmetic properties of the 
points and the extension that they generate. In this paper we begin the study of the arithmetic 
properties of higher order Weierstrass points in the special case of hyperelliptic curves. We 
give an upper bound for the average height of these points, and we show that for sufficiently 
large primes p, the first order WeierstIass points and the n th order Weierstrass points remain 
distinct modulo p. This limits to some extent the ramification that can occur in the extension 
kn/k. We also present two numerical examples which indicate that a complete description of 
the ramification is likely to be complicated. 

0. Introduction 

Let C be a smooth projective curve of genus g > 2 defined over a field k of 

characteristic 0. If P is any point of C', then the Riemann-Roch theorem [[4], 

IV. 1.3] says that there exists a non-constant function on 6' which has a pole of 

order at most g + 1 at P and no other poles. For most points, the pole of such 

a function will have order exactly g + 1. The few remaining points are called 

Weierstrass points. Equivalently, by the Riemann-Roeh theorem, a point P E C 

is a Weierstrass point if 

e ( K c -  g(P)) >_ 1, 

where Kc is a canonical divisor on C. 

A curve has only finitely many Weierstrass points.  More precisely, it is 

possible to assign weights to the Weierslrass points; and then the total weight of 

the Weierstrass points is gZ _ g. The set of Weierstrass points is defined over 
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the field k, and it is an interesting arithmetic question to study the field generated 

by these points. Some computations have been done for some special families of 

curves, such as Fermat curves and modular curves (cf. [11],) but in general little 

seems to be known. 

One can also define higher order Weierstrass points by replacing K c  with 

some other divisor D, choosing s > 1 so that for most points e(D - s(P)) = o, 

and then asking for which points is e ( D - s ( P ) )  > 17 Classically, one takes D : 

n K c  for n = 1 , 2 , . . .  and defines the set of n th order Weierstrass points of  C 

to be the set 

C[n] : { P  6 C : s  - s(P))  > 1}, 

where 
g i f n = l ,  

s :  (2n - 1)(g - 1) i f n  >_ 2. 

Again one can assign weights (cf. Sections I, 3) in such a way that (for n _> 2) 

the total weight of the n th order Weierstrass points is s2g. 

Mumford [[8], page 11] has suggested that the sets C[n] are the analogue, for 

curves of genus g > 2, of the sets E[n] of points of order n on curves of genus 1 

(elliptic curves.) For example, one can use Weierstrass points to rigidify the 

space of curves and construct moduli spaces [[8], Appendix 7C], much as is done 

with torsion points on elliptic curves and abelian varieties. Further, generalizing 

an unpublished result of Mumford, Neeman [9] has shown that the sets C[n] 

as n --+ oo are uniformly distributed in C(C) relative to the Bergman measure 

on C. 

On the other hand, in characteristic p the sets C[n] do not seem to behave 

as nicely as the corresponding E[n]'s. (See, e.g., [6],[10],[12].) This indicates 

that the arithmetic theory of the C[n]'s is likely to be complicated. However, 

in view of the vast richness of the arithmetic theory of torsion points on elliptic 

curves, it seems worthwhile to pursue Mumford's analogy and study the arithmetic 

theory of higher order Weierstrass points. The purpose of this article is to begin 

such a study, concentrating principally on hyperelliptic curves and using mostly 

elementary, but computationally rather intricate, methods. Our hope is that this 

will provide a foundation on which to build a general theory. 

We now briefly summarize the sorts of results we obtain. All results are for 

hyperelliptic curves C defined over a number field k. For precise statements of 
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the main theorems and some numerical examples, see Sections 1 and 2. 

The arithmetic complexity of an algebraic point on C is measured by its height, 

say relative to a rational function x : C ~ p1. We show (Theorem 1.1) that the 

average of the heights h ( x ( P ) )  for 19 c C[n] is bounded above by Oc(logn) 
as n --4 c~. Using our height estimate, we give a weak lower bound for the 

degree of  the field generated by Gin] (Corollary 1.2). Unfortunately, for a fixed 

curve C,  this lower bound does not go to infinity with n. 

For general curves (of genus > 4), the C[n] 's for differing n's are undoubtedly 

disjoint; but for hyperelliptic curves one always has C[1] c C[n]. Let v be a 

place of fr of characteristic p. Suppose that p > 2n(g - 1) and that C has good 

reduction at v. We then show that if P EC[n] and if the reduct ion/3 (mod v) 

lies in C[1] (rood v), then P E C[1]. This limits (to some extent) the ramification 

in k(C[n]). 

Of course, the question one really wants to answer is for which v does the 

reduction map C[n] ~ C (rood v) fail to be injective. In Section 2 we present 

some numerical data for the curves y~ = x 6 + 1 and y2 = xs + 1 which shows 

that the set of such v behaves rather irregularly, but  at the same time consists only 

of comparatively small primes. At present, we are unable to give a theoretical 

explanation for this behavior. 

1. The main theorems 

We begin by setting some notation, which will remain fixed throughout this paper. 

k a number field. 

C / k  a hyperelliptic curve defined by y2 = f (x) ,  where f ( z )  E k[x] is a 

monic polynomial with D i sc ( f )  # 0. 

g > 2 the genus of C. 

n > 2 an integer. 

8 

I 

J 

= ( 2 n -  1)(g - 1). 

= n(g - 1) + 1. 

= ( n - 1 ) ( g - 1 ) - l = s - I .  
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C[n] the set of n th order Weierstrass points of C, defined as 

C[n] = {P e C : s  - s(P)) >_ 1}. 

We note that for hyperellipdc curves one always has the inclusion 

C[1] c C[n]. The set C[1] consists of the points with y = 0, to- 

ge[her with one point "at infinity" if deg(f )  is odd. 

w t (P )  the weight of a Weierstrass point P 6 C[.] .  See Section 3 for the 

definition of wt(P) .  We note that the total weight ~ P e c [ . ]  w t (P)  

equals s2g, while [he total weight excluding the points in C[1] is 

wt(P) = 4 w. 
vec[,,] 
Pr 

Our first result gives an upper bound for the average height of the points 

in c[ .] .  

Theorem 1.1. Let h: Q ---, [0, c~] be the absolute logarithmic height function. 
(See, e.g., [51.) Let h(f)  denote the height of the projective point defined by 

the coefficients of the polynomial/(x). Then 

1 +o(1). 4gIJ ~ w t (P) .h ( z (e ) )  <_ h( f )+31ogn 
PeG[n] g 
Pr 

The 0(1) ~ an absolute constant. 

We can use Theorem I. I to give a weak estimate for [he degr~ of the field 

generated by C[n]. 

Corollary 1.2. 
log.a + o(1) 

[k(C[nlxC[1]): k] >> h(f)  + log n + 0(1) 
g 

The >> constant and the 0(1)  constants are absolute. 

As a particular example of Corollary 1.2, consider the curves 

Cd : y2 = z ( z - -  1)(z--  2 ) . . . ( z - -  d). 

Then 
log n logn  

[q(Cd[n]) : Q] >> logd as n --* co subject to d l o g d  <<1. 



SOME ARErI-IMETIC PROPERTIES OF WEIERSTRASS POINTS 15 

Next we look at the behavior of the Weierstrass points "modulo p." We set a 

bit more notation: 

v a place of k of characteristic p > 0. 

ordo the extension to k* of the usual valuation ordp : Q* ~ Z. 

~nCx) : IX ( ~ -  xCP)) "~cPI/2" 
vec[.]  
Pr 

Notice that in the definition of r  (x) we have used half the weight in the 

exponem. We do this because for the hyperelliptic curve y2 __ f (x), if P -- (x, y) 

is in C[n], then ( x , - y )  is also in 6"[@ So as P runs  over C[n]\C[1],  the x (P ) ' s  

each appear twice. So en (x )  will be a polynomial in k[x]. 

Theorem 1.3. Assume that deg f = 29 + 1 is odd. 

(a) R e s u l t a n t ( r  f )  = + Disc(f)  zJ. 

(b) Assume that p > 2n(g - 1) and that the coefficients of f are v-integral. 

Then the coefficients of  en(x)  are v-integral. 

We can use this estimate to limit when points of 6"In] and 6"[1] come together 

mod v. 

Corol lary 1.4. Assume that p > 2n(g - 1) and that C has good reduction 

at v. I f  P E C[n] has the property that 

/3 (mod v) ~ C[I'"] (mod v), 

then P e C[11. 

A fancier way to restate Corollary 1.4 is as follows. First embed C in its Ja- 

cobian/~ : 6' ~ J by sending one of the points in 6,[1] to the origin. As usual, 

let Jl(~:v) be the kernel of the reduction map J (k)  ~ ,1 (rood v). Corollary 1.4 

says that if p > 2n(g - 1) and if 6" has good reduction at v, then 

p(C[n])  Cl J1Ct:v) = {0}. (1) 

Notice that (1) remains true if we replace C[n] by J[n], the set of n-torsion 

points of J ,  provided C has good reduction and p{n. This fact, of course, is 

central to the arithmetic study of Jacobians and abelian varieties. For example, 
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it is one of the crucial facts needed for the proof of the Mordell-Weil theorem. 

However, since J[n] is a group, equation (1) for or[n] tells us that or[n] injects into 

the reduction J (mod v). Unfortunately, C[n] is not a group; so what we should 

really look at is the extent to which the map G[n] ---* C (mod v) fails to be 

one-to-one. Ignoring the points in C[1], which we already understand, this means 

we want to know which primes divide the discriminant of the polynomial ~,~. In 

the next section we present two examples which show that the answer must be 

fairly complicated. 

2. Some Numerical Examples 

In this section we present some numerical data. We begin with the curve 

C : !l 2 = x  6 + 1 .  (2) 

From the definition of Weierstrass points it is clear that the set C In] is invariant 

under any automorphism of G. In particular, for the curve (2), any point /9 = 

(z ,y)  E Gin] with z~ / r  0 gives rise to twelve points (qz ,~y) ,  where q is any 

sixth root of unity. It follows that up to a power of x, the polynomial ~r,(Z) 
defined in Section 1 is actually a polynomial in x 6. So we will work instead with 

the polynomial 

�9 . ( x )  = c  o/6 = c I I  -  CP)) "tcP)- 
P~c[n]/a,,tCC) 

Here a = ordo ~,~(x), and c E Z is chosen so that ~,~(z) has relatively prime 

integral coefficients. (I.e. ~,~(z) is a primitive polynomial in Z[z].) 

Our first table (Table 2.1) gives the Weierstrass polynomial ~P,~(z) for the 

curve (2) and 3 < n < 6. Note that for curves of genus 2 such as (2), one 

has C[2] = C[1], which explains why our table starts with n ---- 3. 

A glance at Table 2.1 shows that the polynomials are "palindromic." This 

is easily explained by the fact that the curve (2) has the additional automor- 

phism (z ,y)  ~ ( x - l , z - s y ) .  So if P = (z,y) E C[n], then C[n] also contains 

a point whose first coordinate is x -1. 

It is also worth mentioning that in all cases listed in Table 2.1, the polyno- 

mial �9 . ( z )  is irreducible in Q[z]. 
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4 -- 19z  + 4 x  2 

224  + 1 4 9 5 2 z  - 5 2 8 z  2 + 1 0 7 2 6 9 z  3 -- 5 2 8 z  4 + 1 4 9 5 2 z  5 + 2 2 4 z  6 

2048  - 1 8 4 1 6 6 4 z  + 6 1 2 5 4 5 2 8 z  2 + 8 6 6 5 0 2 5 6 0 z  3 -- 1 3 6 0 6 7 4 0 0 x  4 - 

2 1 5 0 9 9 8 3 4 4 z  5 -- 8 2 3 4 3 6 0 5 8 3 z  6 - 2 1 5 0 9 9 8 3 4 4 z  7 -- 1 3 6 0 6 7 4 0 0 z  8 + 

8 6 6 5 0 2 5 6 0 z  9 + 6 1 2 5 4 5 2 8 z  1~ - 1 8 4 1 6 6 4 z  11 + 2 0 4 8 z  12 

524288  -- 3 8 3 3 8 5 6 0 z  + 1 2 6 3 3 2 9 2 8 0 0 z  2 + 2 0 7 9 0 6 8 1 6 0 z  3 + 

2 2 7 8 7 0 0 0 4 3 2 6 4 z 4 +  1 4 0 4 0 1 3 3 7 7 9 4 5 6 z  5 + 1 1 3 3 0 3 8 4 5 2 0 0 0 0 z  6 + 

2 1 3 7 8 4 0 5 9 2 7 6 0 0 z  7 + 8 8 5 3 3 6 2 3 3 6 5 6 6 8 z  8 + 1 7 1 5 9 7 5 1 0 0 4 3 6 6 3 •  9 + 

8 8 5 3 3 6 2 3 3 6 5 6 6 8 z  1~ + 2 1 3 7 8 4 0 5 9 2 7 6 0 0 z  11 + 

1 1 3 3 0 3 8 4 5 2 0 0 0 0 z  12 + 1 4 0 4 0 1 3 3 7 7 9 4 5 6 z  13 + 2 2 7 8 7 0 0 0 4 3 2 6 4 z  14 

+ 2 0 7 9 0 6 8 1 6 0 z  15 + 1 2 6 3 3 2 9 2 8 0 0 z  16 -- 3 8 3 3 8 5 6 0 z  17 + 5 2 4 2 8 8 z  18 

The Polynomial ~r~(Z) for V 2 = z 6 + 1 

Table 2.1 

Corollary 1.4 characterizes those primes for which points of C[n] and points 

of (711] may coalesce modulo p. We now address the question of when two points 

in C[n] not in (711] may come together modulo p. Equivalently, we ask which 

primes divide the discriminant of g2,~(z)? As one expects, this often happens for 

primes p < 2n(g - 1). However, Table 2 shows that there are also larger primes 

which occur. At present we have no simple way to describe these primes, but that 

will not prevent us from giving them a name. 

Definition. Let C/k be a smooth curve of genus g > 2. A prime p is called 

anomalous for C[n] if p > 2n(g - 1), and if there is some prime v of k lying 

over p such that C has good reduction at v and the reduction map (7(~:) --~ 

(7 (mod v) is not one-to-one on the set of n-Weierstrass points C[n]. 

Although the anomalous primes appear somewhat irregular, one feature im- 

mediately apparent from Table 2.2 is that they seem to be fairly small. If one 

were to take a random polynomial whose coefficients were roughly the same size 

as those of ~5 or ~6, one would not expect the discriminant to factor with such 

small primes. 
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n D i s c ( g )  F a c t o r i z a t i o n  o f  D i s c ( g )  

3 297 

4 ~ 2.07 �9 1046 

5 ~ 3.11 �9 10190 

6 ~ 1.52 �9 10417 

33 �9 11 

220 .345 "53 -73.11"  13 .172 . 2 3 2 . 1 9 1 - 1 9 3 2  

21~ "511.116.13.172 .232-29"412 .59. 

191 .  1 9 3 2 - 2 7 1 2 . 4 2 1 2  .21612  �9 2579 
2296 �9 3467 �9 514 �9 73 �9 235 �9 29 �9 313 �9 412 �9 

432 �9 472 - 5 9 . 7 1 2  - 832 �9 

1272 . 1572 . 1672 . 2712 . 4212 . 

4332 �9 6012 �9 8872 �9 21612 �9 2579  �9 

4057  �9 54492 

T h e  D i s c r i m i n a n t  o f  d2n(x) fo r  y2 = x6  + 1 

T a b l e  2.2 

m n R e s u l t a n t ( k ~ m ,  g n )  F a c t o r i z a t i o n  o f  R e s u l t a n t  

3 4 ~ 7.68 - 1014 214 �9 318 �9 112 

3 5 ~ 1.12 - 1029 222 �9 336 �9 4212 

3 6 ~ 1.13 �9 1043 240 �9 354 �9 4212 

4 5 ~ 5.11 �9 10 l~176  276 �9 3108 �9 132 �9 174 -234 �9 1912 �9 

1934 
4 6 ~ 7.91 �9 10147 294 - 3162 - 5 6 - 172 �9 472 - ~* 

5 6 ~ 1.23 - 10289 2214 �9 3324 �9 524 - 292 - 414 - 592 �9 

2714 . 4214 . 21614 . 25792 

* ~ = 2 0 3 5 5 8 5 3 6 1 3 4 7 9 8 7 9 6 8 5 0 3 0 3 5 3 3 6 6 0 2 4 9  is 
composite, but is not divisible by "small" primes. 

T h e  R e s u l t a n t  o f  g n ( X )  a n d  g , ~ ( z )  fo r  y2 = x6  + 1 

T a b l e  2.3 
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A closer look at Table 2.2 reveals another surprising fact. It appears that 

an anomalous prime for C[n] is always also anomalous for either C[n - 1] or 

for C[n + 1]. This suggests that we look for primes such that points in C[n] 
and C[n + 1] come together modulo p; or, equivalently, primes dividing the 

resultant of ~n and ~,,+1. The results are compiled in Table 2.3. 

Table 2.3 confirms what we half expected. If p is anomalous for n and n + 1, 

then it seems to divide the resultant of ~n and ~n+a- This suggests that if p is 

anomalous for n, then at least one of the double roots of ~n  (mod p) will also 

be a double root of either ~,~-1 (rood p) or of ~,~+1 (mod p). 

To describe this more intrinsically, we define 

An(p) = {P e C(Fp) : C[n] ~ C (mod p) is not one-to-one over P}.  

Then Table 2.3 leads us to ask if 

a , , (p)  c A,_~(p) U an+i (p) .  (3) 

Note this is much stronger than merely saying that the anomalous primes match 

up. 

Table 2.4 verifies (3) for the curve (2) and integers 3 _< n _< 5. In all cases 

the quantities 

and 

ged(kg,~, ~n+l)  (mod p) 

k~n+l 
gcd(~,~,~n+l)  (rood p) 

are square-free in F v [x]. Note that the variable z used in Table 2.4 is really the 

quantity x 6 on the curve y2 = z6 + 1. 

We next give some numerical data gathered for the curve 

C : y2 = x S + l .  (4) 

As above, any point P = (x, y) E C[n] with x r 0 gives rise to ten points 

(fx, +y) ,  where f is any fifth root of unity. It follows that the polynomial q~,~(x) 

defined in Section 1 is essentially a polynomial in x 5, at least if we ignore powers 

of x. So for the remainder of this section we let 

~,,~(x) = c e (  xl/5 ) = c H ( x -  
PeC[n]/Aut(C) 
Pr ~(P)~O 
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Again a = ordo (I)(x), and c E Z is chosen so that q , , (x)  has relatively prime 

integral coefficients. 

n n + l  p g c a ( ~ . ,  ~I/n+l) (mod p) 

3 4 11 (~ - 1) 2 

4 5 13 (~ - 1) 2 

4 5 17 (x 2 - x + 1) 2 

4 5 23 (~ + 2)2(~ + 12) 2 

4 5 191 ( x -  1) 2 

4 5 193 (x + 50) 2 (x - 27) 2 

5 6 29 ( x -  1) 2 

5 6 41 (x 2 - 4z + 1) 2 

5 6 ~9 ( ~ -  1) 2 

5 6 271 (x + 117)2(x -- 44) 2 

5 6 421 (x + 142)2(x + 169) 2 

5 6 2161 (x + 498)2(x -{- 959) 2 

5 6 2579 ( x -  1) 2 

Points Common to An(p) and An+x(p ) 

Table 2.4 

The first table (Table 2.5) gives the Weierstrass polynomial @n(X) for the 

curve (4) and 3 < n < 6. Notice that the points with x = 4 have weight 2 

when n = 5, 6. (Remember these are the points with x 5 = 4 on C.) Also, x = 4 

gives 3 rd order Weierstrass points on C,  although only with weight 1; but the 

points with z ---- 4 are not 4 th order Weierstrass points. 

Since @s and ~6 have a multiple root, their discriminants are zero. So in 

Table 2.6 we have computed their discriminants after dividing by (4 - x) 2. We 

again see in Table 2.6 that the anomalous primes reappear for consecutive n 's ,  

and that they are not too large (although for n = 6 they are considerably larger 

than the anomalous primes for the curve y2 = z 6 + 1.) 
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. 

3 

4 

5 

6 

( 4 -  x ) ( 1 6 -  108x + x 2) 

- 3 2 7 6 8 - 4 7 6 7 7 4 4 x -  3272704x 2 - 5 7 0 2 8 6 0 8 x 3 +  1 7 0 2 4 0 x 4 - 9 4 5 1 0 0 8 x  5 + 

224896x 6 - 22344x 7 + 7x 8 
(4 - x ) 2 ( - 2 5 1 6 5 8 2 4  + 956301312x + 20634402816x 2 - 

3177185280x 3 - 137167994880x 4 - 471787716608x 5 - 

345653886976x 6 - 157336670208x 7 - 18198906880z  8 - 

1658593280x 9 - 4458384x lo - 36688x 11 § x 12 ) 

( 4 -  x ) 2 ( 1 2 0 9 4 6 2 7 9 0 5 5 3 6 +  2 5 8 5 2 2 6 7 1 4 8 0 8 3 2 0 x -  9399793625333760x 2 + 

581389708311920640x 3 + 4975917911056056320x 4 + 

6825760756013727744x 5 W 24139882138079068160x 6 + 

104480531283884113920x 7 + 215770750752883998720x 8 + 

192921432429963509760x 9 + 105048907680124502016x 1~ + 

44163514993394319360x  11 + 19543192767179653120x 12 § 

4633662928140779520x 13 + 539433596351938560x 14 + 

8318978192722944x 15 - 228260548980480x 16 - 

4736403754560x 17 - 4687088560x 18 - 2849880x 19 + l l x  2~ 

T h e  P o l y n o m i a l  ~ n ( x )  fo r  y2 = x5 + 1 

Tab le  2.5 

n D i s c ( q } *  Fac to r i za t i on  o f  D i s c ( q )  

3 ~, 1 . 8 6 . 1 0 9  

4 ~, - - 4 . 8 0 -  1093 

5 ~, 4.58 �9 10214 

6 ~ 1 . 1 4  - 10643 

2 1 2  �9 5 6  - 2 9  

2 1 1 2  �9 3 4  - 5 7 1  �9 7 6  �9 2 9  �9 79 

2264 �9 312 - 5168 - 192 �9 292 �9 59 �9 79 - 769 

2 7 6 8 . 3 1 2 . 5 4 7 9 . 1 1 1 6 . 1 9 2 . 2 9 3 . 5 9 3 .  

479-  769- 1019.  2879 �9 6841 �9 36479 .  

42839 - 144899 - 443701 - 3508619 

For n=5,6, this 1~ the ~ a n t  of ~ / (4- -z)  2. 

T h e  D i s c r i m i n a n t  o f  v~n(x) fo r  y2 = x 5 + I 

Tab le  2.6 
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3. Preliminaries 

For any curve C of genus g >- 2, the Riemann-Roch theorem tells us that 

s  : s = ( 2 n -  1)(9 - 1) provided n >_ 2. Choose a basis W l , . . .  ,ws 

for H~ L ( n K c ) ) .  Let z E k (C)  be a non-constant function on C,  and 

write wi(z) : r  ,(dz) n, where the r  are regular functions on the Zariski 

open set 

Uz = { P  E C : z is regular at P and o r d p ( z  - z(P)) = 1}. 

The nth-order Wronskian matrix relative to the basis {wl} and the parameter z 

is 
h h "'" A ) 

= d z  d z  

: 

dS-'~f, dS- '1"2 ddS;S ~8 
d z  s - x d z  s - 1 

Then one easily checks that a point P E Uz is an nth-order Weierstrass point if 

and only if (detWn(z))(P) -- 0. Further, the order of vanishing of de t  Wn(z) 

at P is independent of the choice of the basis {wi} and the parameter z, subject 

of course to P being in Uz. We define the (nth-order) weight of P to be 

w t ( P )  = w t n ( P )  = o rdp  de t  Wn(z) (5) 

for any z such that z - z ( P )  is a uniformizer at P .  Thus P is in C[n] if wt ,~(P)  _> 

1. The following facts are well-known, but for the convenience of the reader we 

will sketch the proof of one of them. 

Propos i t ion  3.1. Let C be a smooth projective curve of genus g >_ 2 (not 

necessarily hypereltiptic.) 

(a) The total weight of the nth-order Weierstrass points is 

w tn (P)=s2g  �9 
vec[,~] 

(b) For every P E C, 

w t n ( P )  _< + lg(g 1). 

Further, equality holds if and only if C is hyperelliptic and P is a branch 

point of the double cover C --* p1 (I.e. P E C[1].) 
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(c) Suppose C is hyperetliptic. Then C[1] c C[n] for  all n, and 

wt(P)  = 4gH.  
v~c[.] 
Pr 

Proof. (a) See [3] or [6]. 

(b) The idea of this proof is due to Segre.. For a generalization, see [[1], Theo- 

rem 3.1]. 

Fix a point P E C. Let 1 < ba < b2 < . . .  < bg < s + g  be the 

uniquely determined integers b in the indicated interval such that the divisor class 

of b(P) - ( n -  1)Kc is effective. Let 1 < al < a2 < " "  < as < s + g  be the 

remaining integers in that interval. (The ai's are classically called the gap values 

for  P.)  Then an alternative description of the weight of P is 
s 

wt(P)  = ~ ai - i. 
i = 1  

(See [3] or [6].) Since {al} U {bi} = {1, 2 , . . .  ,s + g}, this gives the formula 

g 

wt(P)  = ~ s + i - bi. (6) 
i = 1  

Next, the definition of the bi's implies that the divisors bi(P) - (n - 1 ) K c  

are special, so Clifford's theorem [[4], IV.5.4] says that 

s  < l d e g ( b i ( P ) - ( n - 1 ) K c ) + l =  � 8 9  (7) 

Further, from the definition of the hi's, the dimension s - (n - 1)Kc)  is 

strictly increasing with i, so 

e(bi(P) - (n - 1)Kc)  > i for all 1 < i < g. (8) 

Combining (7) and (8), we find 

b i > _ s - g - l + 2 i  andso s + i - b i < g + l - i .  (9) 

Now substituting (9) into (6) gives the desired bound 
g 

wt(P)  _< ~ ' g +  1 i + _ = l g ( g  1). (10) 
i = 1  

Finally, Clifford's theorem (7) is a strict inequality unless the divisor is 0, Kc ,  

or a multiple of the g~ on a hyperelliptic curve. If C is not hyperelliptic, then g _> 
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3, so there are at least three bi's. It follows that (7) cannot be an equality for 

every bi, so the inequality (10) is strict. On the other hand, if C is hyperelliptic, 

then K c  = (g - 1) .  g] is a multiple of the 921 on C. So in order for (10) to be 

an equality, we see that bi(P) is a multiple of the g] for every bi. In particular, 

the bi's are all even, and 2(P)  is a g]. 

(c) From (b) the weight of any point P E C[1] satisfies w t n ( P )  = g(g+ 1)/2  > 

0, so P E Gin]. Since the set C[1] on a hyperelliptic curve consists of 2g + 2 

distinct points, the desired result follows immediately from (a), (b), and a little 

algebra. [] 

We now turn to the case that C is a hyperelliptic curve given by an equation 

c : 

as described in Section 1. To compute C[n] we use the following collection of 

differential forms. 

L e m m a  3.2. Let (x)oo be the polar divisor of x, so K e  = (g - 1) (x)~  is a 

canonical divisor on C. Then the set of differentials 

{ } x ' (dx)n : O<i<n(g-l)+l U 
yn 

u y . - 1  

is a basis for H~ s  (If n = g = 2, the second set should be 

omitted.) 

Proof.  Riemann-Roch tells us that ~(nKc) = s = (2n - 1)(g - 1) (remember 

we assume n _> 2,) so the indicated set has the correct number of elements. 

Further, the indicated differentials are clearly linearly independent. It remains to 

check that they are all holomorphic on C,  an exercise which we will leave for the 

reader. [] 

The Wronskian matrix relative to the parameter x and the basis described in 

Lemma 3.2 is thus 

Wn(x) : ( dexiY-ndx' dexiY-(n-1) ' (11) 
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where i , j ,  ~ run over the intervals 

O< i < I = n ( g - 1 ) +  l ,  

0 _ < j < J = ( n - 1 ) ( g - 1 ) - l ,  (12) 

0 < t < s = ( 2 n -  1)(g - 1). 

Since x - x (P)  is a uniformizer at P for every point of C except for the branch 

points (i.e. points in C[1]) and the point(s) at infinity, the zeros of detWn(x)  

describe the set C[n]\C[1]. (Except possibly for the points at infinity if deg ( f )  

is even. We will generally ignore this issue without further comment.) We now 

give a polynomial in x whose zeros match those of detWn(x) .  

Theorem 3.3. Define a doubly indexed sequence of  polynomials L~ (x )  by 

the recursion 

,~ dL'~ (m + 2s df 
L o = 1, and L ~ I  = 2.  f .  dx -~x" L'~. 

Let Wn (x) be the matrix 

where 0 <_ i < I and 0 <_ j < J index the columns on the left and right sides 

respectively, and 0 <_ f. < s indexes the rows. Then 

I-1 J-1 
aet Wn(x) = (2y2)-IJ " y-nI-(n-1)J " ( H i 0 " (1-I J') " d e t W n ( x ) "  

i=0 $'=0 

In particular, if  P E C is a point with y(P)  ~ O, oo, then 

wtn(P)  -= ordp det Wn(x) = ordp det Wn(x). 

Proof. To ease notation, we will use D to denote differentiation with respect 

to x. In particular, differentiating the relation y2 = f (x) ,  we find 2y. Dy = Dr .  

So for any polynomial F(x)  E k[x] and any integer k _> 1, a quick calculation 

shows that 

o F ( z )  = u 2 O F -  F k y O y  = 2 f  . O F  - k .  O f .  F 
yk yk+2 2yk+2 

Using (13) and the definition of the L~'s ,  an easy induction on s yields 

D e ( l )  L~ 
- 2,b- 2, 

(13) 

(14) 
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In order to simplify the Wronskian matrix, we begin by proving the following 

formula, valid for any rational function z = z(x): 

Dt(x i z )=i ]  D e - i z + ( - 1 )  i+1 ~ ( - 1 )  k xi-kDe(xkz). (15) 
k=0  

There are two key points to note about the sum in (15). First, it is a lin- 

ear combination of De(xkz)'s with k strictly less than i. Second, the coeffi- 

cients ( -1)k(~)Z i-/c are in Z[z] and are independent of s 

To prove (15), we start with the sum 

~--~ ( - 1 )  k xi 'kDt(xkz)  = 
k=O 

~--~(_1) k x i - k ~  Drxk.  D ' - rz  
k=0 r = 0  

= ~ O e- 'z  ~ ( , 1 )  k xi -kD ~x k 
r = 0  k=r  

= ~=o D l - ~ z  k~--,(--1)k (i -- k) ! (k  - r)! 

:,=oi: z: _- �9 

= ~ D l - ~ .  �9 ( _ l ) ~ §  
r---.=O 

For the last equality, note that Drz i = 0 for r > i, and (~) = 0 for r > ~, so the 

sum in the penultimate line may be replaced by the sum from r ---- 0 to r ---- L 

This completes the proof of the formula (15). 

~--~(-1) k x i -ke t (xkz )  
k=O 

(:) ' = Dix i . De-iz + ~ Drx i . Dl-rz  
r = 0  

r=O 

= De(xiz). 

Therefore the quantity on the right-hand side of (15) is 
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Recall from above that the Wronskian matrix is given by 

wo(z) = [ 

where in general we write MR(Z) to denote the rectangular matrix 

M . ( z )  = ( O ' ( z r z ) )  
O<l<~ 
O < r < R  

We are going to perform elementary column operations on MR(z), and then 

do these operations on each half of Wn(z), thereby simplifying Wn(z) without 

altering its determinant. 

Let us denote the r th  column of MR(z) by ~ r ,  0 < r < R. We form a new 

matrix M~(z) with columns ~ .  by replacing the r t h  column of MR(z) with 

mr  : ~ r  + (--1) r ~ Z r - k ~ k .  
k=O 

Note the m r s are computed successively starting with r = 1 and increasing 

to r = R - 1. Using (15), we find the e ta entry in the r t h  column of M~ is 

,1 (:) 
D~(z "~) + (-1) r ~ ( - x P  zi-~e~(z~z) = r! D ~-'z. 

Since these column operations will not change the determinant of Wn(x), we 

conclude that 

det  Wn(z) = det  ( M~(y -n) M*s(y-Cn-1)) ) 

Above we derived a formula (14) for De(y -'~) in terms of L~.  Using this 

formula, we find that 

det  Wn(x) = det i!(i~L~-i fi(i)Lt-i 

It remains to pull out common factors from rows and columns. We can pull out 

a (2y9) - t  from the s row, giving (2y2)-'(s-1)/2. We can pull out i!(2yZ)iy -n 
from the i th column on the left-hand-side, giving (H i!) (2y2)I(x-1)/2y -In. And 
we can pull out j!(2y2)iy-( n-l} from the 3 "th column on the fight-hand-side, 
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giving (H J!) (2y~)JCJ-1)/2y -a(n-t). Looking again at the definition of Wn(x),  

we find that 
I - 1  J - 1  

det Wn(z) : (2y2)(~~ O~176 H i ! .  H J]" det  Wn(x).  
i=0 i=0 

A little bit of algebra to compute the powers of 2y 2 and y then completes the 

proof of Theorem 3.3. [] 

4. Degree and height estimates 

In view of Theorem 3.3, the polynomials L ~  described in that theorem tell us a 

great deal about the Weierstrass points of (7. Our first result in this section begins 

our description of the L~'s .  

Proposition 4.1. For any polynomial F(z) E k[x], let A(F) denote the leading 

coefficient of F. 

(a) 
deg L ?  = (deg f - 1)L 

(b) 

,~(Lr~) = (-1)tCmd)Cmd + 2) (md + 4 ) . - .  (rod + 2 ( l -  1)). 

Proof.  Let d = deg f .  We prove (a) and (b) simultaneously by induction on ~. 

For e = 0 we have L ~  = 1, so both parts are clearly true. Assume now that they 

are true for l. 

The recursive definition of L~' given in Theorem 3.3 says that 

L ra = 2. f .  DLr~-  (m+ 2~)- D r .  Lr~, (16) l+1 

where as usual we are writing D for differentiation with respect to x. By the 

induction hypothesis we have 

deg(2 ,  f .  DL?) = d + d e g L ? -  1 = ( d -  1 ) ( s  1) 

and 

degCCm + 2~)- D r .  L~)  = d -  1 +  deg L ~  = ( d -  1 ) (g+  1). 

So assuming that the leading coefficients of the two terms in (16) do not cancel, 

we will have proven (a). We now check that the difference of those leading 
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coefficients is as given in (b), which will simultaneously complete the proofs 
of (a) and (b). 

We recall that the polynomial f(x) defining C is assumed to be monic. Using 
the induction hypothesis, we compute 

A(2. f .  D L ? ) -  A((m+ 2~). D r .  L~) 

= {2(deg L r )  - (,,, + 2e)d}a(Lr)  

= { 2 ( d -  1 ) g - ( m +  2s 2). . -  ( rod+ 2 ( s  1)) 

= ( -  1) +lC- d)Cma + 2)-- .  (rod + 2e). 
This completes the proof of Proposition 4.1. [] 

Next we estimate the size of the L~'s. We recall that the height of a poly- 
nomial, such as L~ n, is defined to be the height of the projective point defined by 
its coefficients. 

Proposition 4.2. 
l - 1  

h(L'~) < f.(h(f)+ 21ogdeg f) + ~ log(4k + m). 
k=0  

Proof. As above, we let d = deg f. Also, it is convenient to use the multiplicative 
height H, where h = log H. Note that H has the elementary properties: 

H(FC) < (degF + 1)H(F)H(G) and H(DF) <_ (degF)H(F). 

Using these properties, the recursive definition of L[ n, and Proposition 4.1, we 
compute 

H(L~I  ) = H(2- f . DL '~ -  (m-t- 2s Df  . L?) 

<_ 2H(f  . DLr~) + (m -t- 2s . L'~) 

_< 2(d-t- 1)H(f)H(DL'~) -t- (m -t- 2s 

< 2(d -t- 1)H( f ) (d -  1)s -t- (m -t- 2s 

< d~(4s + m)H(f)H(L'~). 
Using this formula repeatedly gives the upper bound 

H(L'~) <_ d2eH(f)em(m -t- 4) . . .  (m + 4 ( s  1))H(L~). 

Since L~ n -- 1, taking logarithms gives the desired result. [] 

We are now ready to begin estimating the degree and the height of the poly- 
nomial dee W,,(x) whose roots include C[n]. 
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(a) 
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degdetWn(x) < ( d e g f -  1)IJ. 

(Later we will be able to show that the degree is exactly equal to 2gIJ; 

but for now this rough estimate will suffice.) 

h(det Wn(x)) _< 2IS(h(f)  + log(gs) + 0(1)). 

Proof. Looking at Theorem 3.3, we see that d e t W ,  is a sum of s! terms of the 

form 

W(a) = i Lti_ i x L e_j, (17) 
i=o y=o Y 

where 

= (eo, e l , . . .  

is some permutation of 0, 1, . . .  ,s - 1. As usual, we let d = deg f. 

(a) Using (17) and Proposition 4.1(a), we find 

deg det W .  < maxa deg w(a) 
I - 1  J - 1  

i=0 i = 0  

I - 1  J - 1  

= m a x a { ~ ( d -  1 ) ( ~ -  i) + ~ ( d -  1)(s - j )  } 
i=0 j = 0  

s - 1  I - I  3"-1 

= ( d - 1 ) { ~ - - ~ s  ~--~i- ~--~j} 
e=0 i=0 ] = 0  

= ( d - 1 ) I J .  

Co) For any polynomials Fx, . . .  , FN 6 Q[x], the height satisfies the elementary 

estimate: 
N 

H(F1F2... FN) < H t (  1 +degFilH(F,)}. 
i=1 
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We use this and Propositions 4.1 and 4.2 to estimate the height of w(er). 

~(,~(~)1 - I I O  + a~g L~_,)~/ ~,_, 
i=O 

• I I  (1 + deg L~-_I)H L 
1 = 0  

-< H (t + ( d -  1)(e~ - i)) H(I) ~'-' II d'(4k + n) 
i = 0  k = l  

*/'--1 t. I �9 

• I I  (1 + (d - 1)(~i - j)) H(I) ~ - '  H d2( 4k + "  - 1) 
j = O  k = l  

In this last estimate we can pull out H(f) raised to the power 

s - 1  I - 1  J - 1  

E ~ -  E i -  E J  = ls(  s -  1 ) -  1 I ( I -  1 ) -  1 j ( j  _ 1 ) =  IJ. 
l = 0  i = 0  j = 0  

We will also use the fact that in the innermost products we always have k < s, 

so 4k + n < 5s. This gives 

s - 1  I - 1  

HCwCtr)) < nCf)'J2 sc'-1)/2 H (1 + ds • IX (d25s) 'i-i 
l = 0  i = 0  

J - 1  
2 ~ " - J  x r I  (d 5s) a (18) 

] = 0  

< H(f)tJ2sCs-x)/2(2ds)S(5d2s) IJ 

<_ (Clg~SH(/))~(c~g82)., 

where Cl, c2 are absolute constants, and we have used that s 2 >><< IJ and d <_ 
2 g + 2 .  

Since detW,~ is a sum of s! of the w(tr)'s, we would like to say that 

H(de t  Wn) is no larger than s! times the maximum of the heights of the w(tr)'s. 

This would be true if the w(tr)'s had integral coordinates, but unfortunately for 

general polynomials F1 , . . .  , FN we only have H(~, Fi) < N 1-[ H(Fi). So we 

need to be a bit more careful about the denominators of the coefficients. 

For any polynomial F(z) E Q[z], we let 6(F) denote the smallest positive 

integer such that 8(F)F(x) has integral coefficients. (I.e. Its coefficients are in 
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the integral closure of Z in (~.) We claim that 

6(w(a)) divides 6(f) I'r. (19) 

To see this, we note that the recursive definition of L~, the fact that 6(DF) always 

divides 6(F), and induction on ~ immediately imply that 6(L'~) divides 6(f) e. 
Then the definition of w(a) as a product of L~ ' s  gives (19). 

We resume the proof of Theorem 4.3(b). Note that if F 1 , . . . ,  FN E (~[x] 

have integral coefficients, then it is true that H ( ~  Fi) _< N max H(Fi)' So if 

we let 6 = 6(F1,... , FN) denote the least common multiple of the 6(Fi)'s, then 

for arbitrary polynomials we have 

H (~-'~ F,) <6.  H ( Z  6Fi) < 6NmaxH(Fi). 

We apply this to det Wn, which is a sum of s! terms of the form w(a). From (19) 

we know that every w(tr) has denominator 6(w(a)) dividing 6(f) I J, so we find 

H(de t  Wn) < 6(f) IJ" s! - max H(w(a)). 

Note that 6(f) < H(f) and s! < s ~. Since (18) provides a bound for 

H(w(a)), we obtain 

U(de t  Wn) < (clg2sH(f)2) IJ (c2gs2) ̀  < (c3gsH(f)) 2IJ. 

Taking logarithms completes the proof of Theorem 4.3(b). [] 

It is a standard matter to relate the height of a polynomial to the height of its 

roots. We will use the following estimate, which follows from [[5], Chapter 3, 

Proposition 2.1 and Theorem 2.8]. 

Lemma 4.4. Let 

Then 

d d 

= = " d  I I  - 
i=0  i=1  

d 

~_, h(oq) <_ h(F) + 1 log(d + 1). 
i=1  

We apply this lemma to the polynomial det Wn (x) to complete the proof of 

Theorem 1.1. 

Proof  (of Theorem 1.1.). From Theorem 3.3, the points in C[n] that are not 

in C[1] are precisely the points P such that z (P )  is a root of det  Wn(x); and 
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further, the weight of P is the multiplicity of x(P) as a root. Of course, for every 

root of d e t W , ( x )  there are two points in C[n], corresponding to the two values 

for y. So if we factor det  W ,  (x) as 

N 

d e t W . ( * )  : c 

i=1  

then Lemma 4.4 and Theorem 4.3 allow us to estimate 
N 

wt(P).h(x(P)) = 2 ~ h(a,) < 
P6C[n] i=1  

Pr <_ 2h(detWn(x)) + l o g ( d e g d e t W n ( x  ) + 1) 

< 4IJ(h( f )  + log(gs) + 0(1) )  + l o g ( ( d -  1)IJ + 1) 

< 4IJh( f )  + 12IJlog(s) + O(IJ). 

Finally, we divide by 4gIJ and note that log(s)/g = log(n)/g + O(1), which 

completes the proof of Theorem 1.1. [] 

The proof of Corollary 1.2 depends on the well-known fact that there are 

only finitely many algebraic numbers of bounded degree and height. In principle, 

Theorem 1.1 says that many of the points in C [n] have small height, from which 

we can deduce that they generate a field of large degree. To quantify these ideas, 

we start by estimating the number of algebraic numbers of bounded degree and 

height. 

L e m m a  4.5. For all real numbers B, D > 1, 

•{a �9 (% : H(a) <_ B and [Q(a) :Q]_< D}_< (3B) D2. 

Proof.  Let S(B, D) be the set in question. For a 6 S(B, D), let { c q , . . .  , a19} 

be the conjugates of c~. (If there are fewer than D of them, fill in the set with 

zeros.) Consider the map 

r  S(B, D) , pD(Q) 
et ' '  [ 1 , ~ l ( e q , . . . , a D ) , . . . , f f D ( C q , . . . , e ~ D )  ] 

where a i is the i th elementary symmetric polynomial. Notice that r is at most D- 

to-l, since 

r  c {roots of T ~ +a lT  D-1 + . . .  + aD = 0.}. 

Further, H ( r  _< 2DH(ot) D, so 

H(a) < B ~ H(r  _< (2B) D. 
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Hence 

# S ( B , D )  < D .  (r e pD(Q) : H(P)  < (2B) D} 

<_ D(2(2B) D + 1) D 

_ ( 3 B )  D 2 .  

[] 

Theorem 1.1 gives an upper bound for a weighted sum of heights, while 

Proposition 3.1 gives us the sum of the weights and an upper bound for the 

individual weights. We want to conclude that there are many points of small 

height. The following elementary counting lemma is what is needed. 

Lemma 4.6. Let Wl, . . .  , wr > 1 and h i , . . .  , hr > 0 be real numbers, and 

let 
r 1 r 

W = m a x l < i < r { W i }  , N = ~ wi, A = -~ ~ wihi. 
i=1  i=1 

Then for any 0 < e < 1, 

N 
# { i  : hi < e-XA} > (1 - e ) ~ .  

For example, taking �9 = �89 there are at least N /2W of the hi's which are 

larger than half the weighted average of the h i '  s. 

Proof. First we bound how many hi's can be large. 

•{i : hi > r = ~ - ~ 1 <  ~-~ 
hi>Ale hi>A/r 

hi < e 1 Nr 
~ -  I----~ - -W " -A Z wi hi < W 

h i>A/r 

On the other hand, 

r N 
N : ~ w i < r W ,  so r >  

-- -- W 
i=1  

Hence 

# { i  : h i < e - X A } > r - - -  
N6 > (1 N 
w - 

[] 

Proof  (of Corollary 1.2.). Let C[n]\C[1] : {P1, . . .  ,Pr}. We apply 
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Lemma 4.6 with e = �89 and 

wi = wt(Pi), hi = h(x(P/)) ,  

W = maxl<i<r{wi} < g(g + 1) 
- 2 ' 

r 

N = ~ wi = 4gIJ, 
i=1  

r 

= 1 ~ w i h i  < h(f) + 31ogn + O ( 1 ) .  
a ~ g 

i=1  

(The bound for W and the value for N come from Proposition 3.1 (b,c), and the 

bound for A is Theorem 1.1.) We obtain the estimate 

4r : h(x(Pi))  < 2 h ( f ) + 6 1 ~  > 4glJ 
- g - g ( g  + 1-"~ >> 9 n 2 "  

So there are at least O(gn 2) points in C[nl,,O[X] with height bounded by some 

fixed multiple of 1 + (h(f) + logn)/g. 

Let K[n] be the field generated by C[n]',C[1], and let d[n] be the degree 

of K[nJ. We apply Lemma 4.5 with 

D=d[n] and B = O ( l + h ( f ) + l ~  
g 

We have just shown that K[n] has O(gn 2) elements with height less than B, and 

of course every element of K[n] has degree at most d[n], so we find 

O(g,, ,  =) _< (3~s)d['~] = , 

[Note Lemma 4.5 uses the multiplicative height, whence e B in place of B.] Taking 

logarithms and solving for din] gives the desired result 

loggn + O(1) loggn + O(1) din] 2 >> >> 
S + O(a) h(f) + log. +0(1) 

g 

[] 

5. A Resultant Computation 

In this section we ask for which primes v is it true that points in C[n].,C[1] and 
points in C[1] can coincide modulo v. In essence, we want to determine which 



36 JOSEPH H. SILVERMAN 

primes divide the resultant of f (z)  and ~I,.(z), where ~ . ( z )  is the polynomial 

r = II  ( x -   CP)) 
Pec[.] 
Pr 

defined in Section 1. Of course, this reasoning is only valid for primes v such 

that r has v-integral coefficients. 

Our plan is as follows. First we compute the related quantity 

Resultant ( f  (z), det W, ( z ) ) .  

Second we show that det Wn(x) = cen(x) for some scalar c. Third we com- 

pute c. Since the coefficients of det  Wn are v-integral if the coefficients of f are, 

this will provide enough information to prove Theorem 1.3. 

Aside from the usual binomial coefficients (,~), the following quantity will 

appear frequently, so we give it a special symbol: [:1 (1o ) 
= a . ( a + 2 ) . ( a + 4 ) . . . ( a + 2 m _ 2 ) = 2 m r n !  2 + m - 1  . 

m 

Here m > 0 is an integer, and a is arbitrary. By convention, we set [~] = 1. 

In order to compute the resultant of f (z)  and de tWn(x) ,  we will use the 

following determinant calculation. The elementary, but heavily computational 

proof will be postponed until later. 

Proposition 5.1. Let I > J > 0 be integers, let L = I + J, and let A, B, T 
be arbitrary quantities. Then 

d e t ( ( ~ ) [ g A i ] T e - i  [ ( : ) [ s  :T IJ I~__I[B-AI -2J]"  

Here the rows of the matrix are indexed by 0 < e < L, the columns on the left- 
hand-side are indexed by 0 < i < I, and the columns on the right-hand-side 
are indexed by 0 < j < J. 

Proof. See Section 6. 

Proposition 5.2. 

o Resul tan t ( f  (x), det Wn(x)) ---- + 
i=o I 
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Proof. Recall the polynomials L~" of Theorem 3.3 are defined recursively by the 

rule 

L~+ z = 2. f . DL~ - (m + 2 0 �9 Dr.  Lr~. 

Since L~  = 1, an easy induction on s shows that 

L~- -  [ 7 ] ( - D f ) l  (mod fC[x]). (20) 

Substituting (20) into the definition of Wn(z), we see that 

d e t W n ( x ) = - d e t ( ( ~ ) [ ~ : i ] ( - D f ) e - i  I (;)[: ;]..o,., 
(mod fC[z]). 

This last determinant is of exactly the right form to apply Proposition 5.1 with 

A = n, B = n -  1, T -= -Dr .  

We obtain the formula 

de tWn(x)  -= ( -Dr)  "'I IT - 1  - 2j  (mod fc[x]) .  (21) 
i=o I 

For any polynomials P(x),Q(x),R(x) e C[x] and any constant c, the fol- 

lowing elementary properties of resultants and determinants are well known [[13], 

Sections 5.8,5.9]: 

Resultant(P,  Q + RP) = Resultant(P,  Q), 

Resultant(P,  cQ) = c degP Resultant(P,  Q), 

Resultant(P,  Qn) = Resultant(P,  Q)n, 

Resultant(P,  DR) = ,~(P) Disc(P),  

where )~(P) is the leading coefficient of P. 

Using these properties and (21), we let c denote the product on the right-hand- 

side of (21) and compute 

Resul tant(f ,  det Wn) = Resultant(f ,  c ( -  D f ) I J )  

: ::]=C deg f Resul tant(f ,  D f)  1J 

= ~cdegf(Disc f)XJ. 

(Note we have taken f to be monic.) This completes the proof of Proposition 5.2.[] 
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We are now going to make the assumption that 

deg f = 2g + 1 is odd. 

Equivalently, this means that there is only one "point at infinity" on y2 = f(x),  

and necessarily that point is in C[1]. 

Notice that the polynomial e n  is characterized up by the fact that it is monic 

and satisfies 

,1" wtn(P)  if P ~ C[1] 
ordp r / 0 if P E C[1], P r  

Now we observe that Theorem 3.3 implies ordp det Wn = ordp ~r, for 

all P ~ C[1]. On the other hand, Proposition 5.2 shows that d e t W n  and f have 

no common zeros, so ordp de tWn = 0 for P E C[1], P r c~. This proves 

that det Wn = cr for some scalar c. We now begin an alternative proof of this 

fact which has the advantage of determining the constant c. 

Proposition 5.3. As above, we assume that deg f : 2g + 1 is odd. 

(a) 

deg det Wn : 2glJ. 

(b) The leading coefficient of det Wn(z)  is 

J - l [  - I - 2 j ] H  I 

j=o 

(c) 

det W,~(x) = (II , 
y=O 

Proof. For any polynomial F(x), we let A(F) denote the leading coefficient 

of F. Proposition 4.1 tells us that 

d e g L ~ - - 2 g s  and A(Lr~)=(-1)e'm(2g+l) I ~  ",  so 
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Then the definition of Wn (Theorem 3.3) shows that 

det Wn --- 

+ lower order terms. (22) 

We now take the determinant of the matrix in (22). If that determinant turns 

out to be non-zero, then its value will giye us both the degree and the leading 

coefficient of det  W,~. 

The matrix in (22) is of exactly the right form to apply Proposition 5.1 with 

A = n(2g + 1), B = (n - 1)(2g + 1), T = - x  2g. 

The result is 

detWn=(-1) 'J(2IXl[-2g-l-2j])  

The product is clearly non-zero, which prove (a). 

To prove (b), we rearrange the product as follows: 

[ : s-1  _ 2  9 _ - 2j 
( - 1 )  IJ  I I  = 1-1 I I  (2g + 1 + 2j  - 2i) 

j=o j=o i=o 
I - g - 2  I -1  

= I I  I I ( - 1  - 2k + 2 ( I -  1 - i ) )  
k = I - J - g - 1  i = 0  

w h e r e  k = I - g - 2 - j, 

I I  I " 
k = I - J - g - 1  

Since one easily checks that 

I - J - g - l = O  
This proves (b). 

and I -  g -  2 = J -  1, 

(c) As observed above, Theorem 3.3 and the definition of q~n imply that q~n 

divides det  Wn in re[x]. Further, Proposition 3.1(c) tells us the 

1 
degCn(x)  = ~ ~ w t n ( P ) =  2gIJ. 

PeO[n] 
Peon 
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But we have just shown in (a) that d e g d e t W n ( z )  = 2gIJ, from which we 

conclude that detWr,(z)  = eC~n(z) for some e E k.  Finally, we note that 

since r  is monic, the constant c equals the leading coefficient of det  Wn, which 

we determined in (b). [] 

Remark.  If we had assumed instead that d~g f = 2g + 2, then the determinant 

in (22) tums out to vanish. So for even v/alues of deg f ,  it is somewhat more 

difficult to compute the degree and leading coefficient of det Wn. 

We now have all the tools needed to prove Theorem 1.3. 

Proof  (of Theorem 1.3). Let 

c=II 
j=o I 

be the constant appearing in Propositions 5.2 and 5.3. 

(a) From Proposition 5.2 and 5.3(c) we have 

•  deg f Disc(f)  IJ  = Resul tant(f ,  det  Wn) -- Resul tant( f ,  Cq~n). 

By a standard property of the resultant, we can pull c deg f out of the right-hand- 

side, which gives the desired result. 

(b) Let l l  denote the ring generated over Z by the coefficients of f.  By assump- 

tion, every element of Z I is v-integral. From the recursive definition of the L~'s ,  

it is then clear that every L'~(x) E ~'f[z]. Then the definition of Wn in terms 

of the L~ ' s  shows that det Wn(x) E Z fix]. So the coefficients of de tWn(x)  

are v-integral. 

From Proposition 5.3(c) we have Cn = c -1 de tWn,  so it remains to show 

that if p > 2n(g - 1), then p does not divide the integer c. We expand c as a 

double product 

[ ] c =  HJ-1 -11-23" = H H ( - 1 - 2 j - i - 2 i ) "  

i = 0  i = 0  i = 0  

By inspection, the smallest (most negative) integer appearing in the double product 

is - 2 J q - 1  = - 2  ( n - 1 ) ( g -  1)q-3, and the largest integer appearing in the double 

product is 2I  - 3 = 2n(g - 1) - 1 Hence if p > 2n(g - 1), then ordp(c) = 0, 

which completes the proof of (b). [] 
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Proof (of Corollary 1.4.). Taking a finite extension of k if necessary, we 

may assume that 6711] is contained in 67(k). Let Po E 67[1], and let {1,x} 

be a basis for I'(2(Po)), so we have a model for 67 of the form !1 2 = f ( x ) .  

(Note p > 3.) f ( x )  will have degree 2g + 1. Replacing (x, y) by (aZx, a2g+ly), 

we may assume that f ( x )  has v-integral coordinates and v(Disc f)  = 0. This is 

possible since we have assumed that 67 has good reduction at v. 

Now we can apply Theorem 1.3. Let P E C[n]\C[1]. Then epn(z(P)) = O. 

From Theorem 1.3(b) the coefficients of ~n(X) are v-integral, so 

'~.(x(P))--O (rood v). 
On the other hand, Disc f ~ 0 (mod v), so from Theorem 1.3(a) we see that 

Resu l t an t (~n , f )  ~ 0 (mod v). 

Therefore f ( x ( P ) )  ~ 0 (mod v). 

The roots of f ( x )  are the x-coordinates of the points in C[1] (other than Po.) 

Hence for any P I E  C[1], P1 r Po, we have shown that 

xCe ) ~ xCP1) (mod v), 

so 13 ~ P1 (mod v). 
Finally we observe that the choice of Po E C[1] was arbitrary, so 

(mod v) ~ C['-'I] (mod v) for all P E C[n]\C[1]. 

[] 

6. A Messy Determinant 

In this section we give the proof of Proposition 5.1, which we restate for the 

convenience of the reader. 

Proposition 5.1. Let I > J > 0 be integers, let L = I + J,  and let A,  B,  T 

be arbitrary quantities. Then 

J a ] 
Note the rows of  the matrix are indexed by 0 < e < L, the columns on the left- 

hand-side are indexed by 0 < i < 1, and the columns on the right-hand-side 

are indexed by 0 < j < J. 
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Remark.  Our proof of Proposition 5.1 is a straightforward, but lengthy computa- 

tion. Ira Gessel has indicated an alternative approach which involves reinterpreting 

the determinant as the number of non-intersecting paths in a certain diagram. For 

details of similar computations, see the paper of Gessel and Viennot [2]. 

Proof. We can pull T t out of the gth row of the matrix, T -i out of the i th column 

on the left-hand-side, and T - j  out of the jth column on the right-hand-side. This 

contributes 

T ~ L ( L - 1 I - ~ I ( I - I ) - ~ J ( J - l )  = T I J  

to the determinant. So it suffices to prove Proposition 5.1 for T = 1. 

We begin by proving the elementary formula 

~ = o [ B i A ] ( ~ ) [ g A i ]  = [B] " 

To prove (23), we observe that 

where as usual D '~ = dm/dz '~. Hence 

l 

'(:) 
i = 0  '(:) = 

i = 0  

= - B )  

(23) 

Replacing A and B by �89 and �89 gives (23). 

We are going to perform column operations to simplify the matrix in Propo- 

sition 5.1. Let us write 

V = ( -~ ,  I ~ j ) ,  O < i < I,O < j < J, 
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. - - +  

for the L x L matrix whose column vectors -fi*i and b j are given by 

43 

Taking successively i = 0, 1 , . . .  , I - 2 ,  we replace the i th column of V by 

" 
- - * '  

a i : -~ i  + . a i+/,. 
k---1 k 

This gives a new matrix V '  whose i th column on the left has as its s entry 

( ai)~ = k 

] 
(24) 

Notice that all terms in the last sum with k > l - i are zero. So if ~ < I ,  

then the sum runs from k = 0 to k = ~ - i, and we can directly apply (23) to 

obtain 

( a 
i '  

f o r O <  i < I a n d  0 < ~ <  I .  

- - " '  
Notice that ( a i ) l  --  l for 0 < i < J and 0 < ~ < I .  

When g > I ,  the sum in (24) does not have enough terms to apply (23) 

directly. But we can add and subtract the necessary terms, leading to the formula 

A a ,  

f o r 0  < i < l a n d  I <  e <  L. 
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So the new matrix V '  looks like 

1 
I 

l 
T 
J 

~1 0 

1 

J -----+~ I - J  , ~  J , 

�9 . .  0 0 . . .  0 1 0 . . .  0 ~ 
�9 . . . 

1 

"'. 0 "' .  0 

1 0 1 
" ' + t  

( a i )e  1 ( T j ) e  

�9 " .  0 

1 

�9 . . .  * :r . , .  * * . , .  * 

�9 . �9 . . �9 . . . 

�9 . . . .  * * . . .  * * . . .  * 

"--~t - ' ~ t  In particular, since ( a i )e  = ( b i )e  for 0 < i < d and 0 < e < I, the d • I 

block in the upper right-hand corner is identical to the d x I block in the upper 

left-hand comer�9 So if we subtract the first d columns from the corresponding 

last d columns, we get a matrix that looks like 

T 

I 

T 
J 

1" i, ( J ~, 

1 0 . . .  0 0 . . .  O'  

1 : : : 

' ' ~  0 

1 0 .-- 0 

�9 "---9' I 
: "'. (bi)  

/ - - ~  \ 

Hence det V' is equal to the determinant of the matrix (b~.) .  Using (25), w e  

find that 

--, ( ~ ) ~ [  B _ - A  ] (  , - j  ) [  A ] 
CT~.)e ( b ./)e --~' �9 = - ( a i ) * =  I j + k  I - j + k  e - I - k  

k=O 

We relabel by setting s = m + L Then det V' is equal to the determinant of 
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the J x J matrix X = (xmj) whose (mj) th entry is 

= ( m + l ) ~ [ l B j A k ] ( I - j + m ~  [ a ] 

- ( i+m a ](,+m)[:] 
-?2 k=o 3 I + m - k - j  k 

We are going to simplify de t  X by row operations, so we let --~,,~ be the row 
- . . .+  

vector x m = (zmo, Zml,... , zm,J-1). We form a new matrix X '  by setting 

o ,  a n d  z m = - - 2 m  - z m - k "  

k = l  

- "1"  t Then we claim that the jth entry of the row vector z m is 

( ) [  ] 
= ( z m ) J =  j I + m - j  " 

z ~  i __., I +  m B A (26) 

We prove (26) by induction on m. For m = 0 we have 

Next, assume (26) is true for "-'*' ---+' z o , - - -  , z ,~-1. Using this and the definition 

of zmj, we find 

- 

x "  i = x,~j - ~ k xm-k,~ 
k = l  

= ~ ( [ + m - k ) [  I + B - A k = o  J m ~- j](,~m)[A] 
"(,+m)[~](,+m-~)[ ~-A ] - ~ - ~  

k=l 3 I + m - k - j  

= ( I + m ) [ j  I+mB-Aj] 

This proves (26). 

We now know that de t  V = d e t W  = det  X = det  X ~, where X' is the 

matrix 

A l) 
j + m - o<_md<J 
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we can factor 

[.a] 
/ + r n -  rn 

I - j out of the column of the matrix X'.  So if we define 

a new matrix Y = YE by 

then 

1=0 

J_l[ ,] 
d e t Y E =  I I  2 ( E - I - j  

./=0 3 

(27) 

Assuming for the moment that (28) is true, we can complete the proof of 

Proposition 5.1. Thus using (27) and (28) (with E = I ( B  - A) + I), we 

compute 

J-lIB:;][ j J~II[ B-A-2j].[ 
d e t V = d e t X ' =  n = �9 

./=0 ./=0 

This completes the proof of Proposition 5.1, subject to our proving (28), which 

we now restate and prove. 

Lemma 6.1. 

I I  �9 
i=o J 

Proof. As above, we let YE denote the matrix whose determinant we are trying 

to compute. Notice that 

We are going to introduce variables xo, . . . ,  Xj_l, so we will write Di to denote 

We claim that 

(28) 
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differentiation with respect to xi. Then the matrix 

-,---+ ----4 
has the property that ]rE( 1 ) = YF.. (Here we write 1 

(1, 1 , . . .  , 1).) We can rewrite det --+ YEC z ) as 

det YE( x ) = 

for the vector 

J-1 J-1 --}- m~ Xl+m_ ] 
(29) 

We now claim that the rightmost determinant in (29) has a Taylor expansion 
----I, 

around 1 that looks like 

det((I+m)xlm+'~-') = 1 + (xo - I )Po(-~)  
J (30) 

q-  (X  1 - -  1)2pl(-~)  + . . .  + ( x  J - 1  - X)JP j_ l ( ' ~ ) .  

Here Po,... , PJ-1 are polynomials in 7[-~]. So when we apply the differential 

operator l 'I(Dm) m on the right-hand-side of (29) and evaluate at -~ = 1,  the 

only term which is not zero arises when the entire operator is applied to 1-I x~m -I-1 
and none of it is applied to the determinant. So assuming the expansion (30), we 

find the desired result, 

det  ]rE : det YE ( 1 ) 
J - 1  

= H (2Dm)'~CzEm-I-i) 7 = T  
m,=0  

It remains to verify (30). Since we are interested in the Taylor series 

around 1,  we will make a change of variables and define 

F(7)  = F(zo,... ,Zj_l) = det ( (I  + m)( l  + zm) I+m-') 
J / o<,~,i<J 

We begin by showing that F ( ' ~ )  = 1. (Thanks to Ira Gessel for showing me 

this quick proof.) 
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Let P1 (T) be any polynomial of degree j with leading coefficient a i. Then 

it is easy to see using elementary column operations that 

det(pi(t,,~)) = d e t ( a f l ~ ) .  

This is a Vandermonde determinant after we pull out the afs. Now let pj(T) = 
(~) �9 Q[T], so p~(T) has degree j and leading coefficient 1/j!. Then we can 

compute 

F ( - - O ) - - d e t ( ( Z ~ m ) )  = - d e t ( p i ( I + m ' ) : d e t ( ~ ( I + r n ) '  ) 

i = 0  O < _ m < k < J - 1  

Next, for each 0 < t < J we let 

Ft = F(O,O, . . .  ,O, z t , . . .  , z j - 1 ) .  

Since Fj-1 = F( 0 ), we can write F(--2) as a telescoping sum 

J - 2  

F ( 7 )  = 1 + ~-~(Ft- Ft+x). 
t=0  

So the proof of (30) will be complete if we can show that 

Ft-Ft+IEz~+lZ[--~] for all 0 < t < J - 2 .  (31) 

Fix some 0 < t < J - 2, and to ease notation write 

G(Zt) = F t - F t +  1 = F(O,... , O, zt, zt+l,... ) - F(O,... , 0, Zt+l,... ). 

Here we think of G(zt) as a polynomial in zt with coefficients in 

Z [ z t + l , . . .  , z j -1 ] .  Clearly G(0) --- 0, so G(zt) is in the ideal generated by zt. 
We want to show it is actually in the i d e a l  (Zt) t+l. TO verify this, we will now 

show that (DrG)(0)  = 0 for every integer 1 < r < t. (Here D = d / d z t . )  

The point is that zt appears only in the ttn row of the matrix defining Ft, 
and does not appear at all in Ft+t. So for r > 1, DrG is the determinant of the 
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matrix whose mth row is given by the rules 

J o_<j<J 

( ( I + t ) D r ( l + z t ) l + t - J )  i f m = t  mth row : j o < j < J  

/ o_<j<J 

In particular, evaluating the derivative in the t th row and substituting zt = O, we 

find 

 'row ((, 
[.for zt=O ) r 

q- Zt)I+t-J -r zt=O ) 

Thus as long as 1 < r < t, we see that (DrG)(O) is the determinant of a 

matrix whose t th row is a multiple of its (t - r) th row, so (DrG)(0)  = 0. This 

proves that G(zt) is in the ideal (Zt) t+l, which completes the proof of Lemma 

6.1. [] 
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